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Assignment

REQUIRED READING

! Larsen, R. J. and M. L. Marx. 2006. An introduction to mathematical statistics and its
applications, 4  edition. Prentice Hall, Upper Saddle River, NJ. 920 pp. th

" Read All of Chapter 11
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Understanding by Design Templates

Understanding By Design Stage I — Desired Results Week 11 
LM Chapter 11 Regression 8/9/11 Tu - 8/15/11 M

G Established Goals
• Fit an ordinary least squares regression line with appropriate confidence limits
• Graphically assess the goodness of fit of a regression
• Use a standard curve with inverse regression to find expected values
• Find the Pearson, Spearman’s rho and Kendall’s tau correlations for paired data
U Understand
• The etymology of regression is based on regression to the mean, which gives rise to

the regression fallacy, one of the most common error in statistics
• The magnitude of R  is a poor way to judge the adequacy of a regression model2

• The distinction between independent and correlated variables
Q Essential Questions
• Why are children’s heights, on average, closer to the mean than that of their parents,

and if that is the case, why doesn’t the range of heights contract?
• What are the assumptions of OLS regression?
• How should replicates be allocated for producing a standard curve?
K Students will know how to define (in words or equations) 
• Allometric regression, Anscombe’s quartet, confidence intervals for regression,

exponential regression, fiducial bounds, Hotelling-Woking interval, inverse
regression, logar ithmic regression, logistic regression, OLS regression, Kendall’s
ô , Pearson’s r , R , 2 logar ithmic regression, prediction interval, regression,
residual, residual plot, regression to the mean, Spearman’s æ

S Students will be able to
• Write Matlab programs to fit the OLS linear, exponential, and logarithmic regression

models with confidence limits
• Graphically assess the goodness of fit of a regression model
• Use inverse regression to find the expected value of an unknown with fiducial limits
• Assess the equality of two slopes with a t test with n+m-4 df
• Assess the null  hypothesis that the correlation between variables is 0
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Understanding by Design Stage II — Assessment Evidence Week 11 8/9 Tu - 8/15 M 
Chapter 11 All  (P 647-731) Regression

• Post in the discussion section by 8/17/11 W 
• Find an example in your own field or the popular press of a regression analysis

and describe it with a link to the article.
• HW 4 Problems due Wednesday 8/17/11 W 10 PM

• Basic problems (4 problems 10 points)
• Problem 11.2.8 using data from 8.2.11. Use case study 11.2.1, 11.2,2 (or

the more complicated 11.2.3) as a model
• Problem 11.2.20 Radioactive gold clearance, p 671-672. Solve for the

half life using case study 11.2.6 as a model. 
• Problem 11.3.2 using case study 11.3.1 or 11.3.2 as models [No need to

consider weighted regression]
• Run the Matlab correlation plot simulation & note the effects of outliers,

post a 1-paragraph summary of your conclusions 
• http://www.dar tmouth.edu/~raj /intro-stats.html

• Advanced problems (2.5 points each)
• Problem Analyze Moore’s Law transistor count data and test whether

transistors per chip have been doubling every two years through 2010.
Use LMcs110204_4th.m as a model
• http://en.wikipedia.org/wiki/Tr ansistor_count

• Problem
• Master  problems (1 only, 5 points)

• Redo Case Study 11.2.2 with data on social security costs from 1937 to
2008, available at
http://en.wikipedia.org/wiki/Social_Security_%28United_States%29
• Fit a logari thmic model  and predict Social Security costs for

2015

Introd uction to Regression

Chapter 11 is one of my favorite chapters in Larsen & Marx  (2006), but it is not one of my
favorite chapters on regression analysis. Matlab and regression are made for each other but the
link is linear algebra and Larsen & Marx don’ t express linear regression using matrix notation. It
is pretty simple.

REGRESSION IN MATRIX NOTATION

This section is drawn from two sources: Draper & Smith (1998) and Searle (1982). A
regression equation with one explanatory variable can be expressed as:

(1)



EEOS 601
Prob. & Applied Statistics
Week 11, P. 6 of 38

Now define the following matrices and vectors:

, , , and 

Then, equation (1) can be written in matrix terms as:

By convention, variables indicating vectors or matrices are usually bolded. 

The first column of the X matrix is set to all ones in order to fit the Y intercept. In some Matlab
regression functions, you must add the first column of 1's. Other Matlab regression functions add
the ones for you. 

Estimation by least squares

The sum of squared residuals for equation (2) is (y-Xb)’(y-Xb) =e’e. The apostrophes indicate
the use of the matrix transpose (turning the matrix or vector on its side so that the rows become
columns and vice versa). The matrix multiplication e’e wil l produce a single number since e is a
column vector. The regression parameter estimates can be obtained using the following matrix
equation:

In this equation, called the normal equation, (X’X)  indicates the inverse of the square matrix-1

X’X, which in the case of ordinary least squares regression (OLS) with a single explanatory
variable will be a 2x2 matrix. It is possible to include many explanatory variables in a regression
and the same equation (3) would be used to solve for the regression parameters. A regression
analysis with 10 explanatory variables and a y intercept would have an 11 x 11 square matrix
X’X.

Singular explanatory matri ces

In order to solve for , it must be possible to calculate the inverse of X’X , called the sums of
squares and cross products matrix. This isn’t an issue with a single explantory variable, but it
can be a problem if more than one explanatory variable is used if the explanatory variables are
strongly correlated or are linear functions of other combinations of explanatory variables. The
X’ X matrix will then be called singular or not full rank, and it an inverse can not be calculated.
If there are strong correlation patterns among the explanatory variables, the X’X matrix may be
called ill conditioned. 

(2)

(3)
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At the Matlab prompt, type help mldivide for a description of Matlab’s backslash1

operator.

Matlab solves the normal equation using the following matrix notation, with the backslash \
operator being specific to Matlab :1

The expected values for a regression equation can be obtained using:

The residuals can be obtained by subtraction of vectors:

You can perform a regression in Matlab and plot the results is just 4-7 lines, with one of those
lines being a sort function to make sure that the prediction line plots properly.

% assume x is a vector for a single explanatory variable and Y is the response variable
x=x(:); % converts x to a column vector (if it isn’t already a column vector);
r=length(x); % needed to create the correct column vector of 1's 
X=[repmat(1,r,1) x];   % repmat writes a column of all 1's
B=X\Y % B is a 2 x 1 vector containing the Y intercept and slope
Yest=X*B;
[Xsorted,i]=sort(X(:,2));
plot(X(:,2),Y,’sk’,Xsorted,Yest(i),’-r’) ;
Resid=Y-Yest;
plot(X,Resid,’o’);xlabel(‘X ’), ylabel(‘Residual’)

The sort function is needed because the predicted line wil l be jagged for a non-monotonic x
vector.

CASE STUDY 11.2.1 ROD WEIGHTS

A manufacturer of air conditioners is having
problems because too many rods used in the air
conditioners are too heavy. They need a predictive
model for the finished weight based on the rough
weight. Using matrix algebra and Matlab
(RScs110201_4th.m), it is straightforward to find
the regression equation to predict finished weight
from rough weight (see Figure 1).

(4)

(5)

(6)

Figure 1 The regression of finished weight
vs. Rough weight.
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The residual plot (Figure 2) indicates no problems
with the regression.

CASE STUDY 11.2.2 SOCIAL SECURITY

Social security costs from selected years from 1965
to 1992 are plotted and analyzed with regression as
shown in Figure 3.

The residual plot, shown in Figure 4,  reveals a
distinct concave-up pattern in the data.

CASE STUDY 11.2.4 CHEMISTS RECOVERING CAO

This case study assesses whether the results from
two chemists indicate more than random variation.
Figure 5 shows the relationship betewen CaO
recovered (in mg) and CaO present (in mg).

Figure 2 Residuals vs. Rough Weight.

Figure 3 The regression of Social Security
cosgts in $bil lions plotted vs. year since
1960.

Figure 4 Residuals vs Year for Social
Security costs.

Figure 5 CaO recovered (mg) vs. CaO
present (mg). A square symbol indicates the
single sample analyzed by chemist B.
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The residual plot shown in Figure 6 shows the
residual for Chemist B. A convex hull surrounds the
residuals for chemist A. Clearly chemist B’s
recovery of CaO exceeded that of chemist A.

CASE STUDY 11.2.4

This case study, programmed as
LScs110204_4th.m, is an example of an
exponential regression. As shown in Figure 7, the
transistors per chip has apparently increased
exponentially with year since 1975.  David Moore,
one of the founders of Intel, predicted in 1975 that
the number of transistors per chip should double
every two years. Larsen & Marx  (2006, p. 664 &
666) cite the widely misquoted estimate that chips
should double every 18 months. According to
Wikipedia’s entry on Moore’s law, Moore has
stated that he never predicted an 18-month
doubling.

Figure 6 Residual plot indicating the 9
samples processed by chemist A,
sorrounded by a convex hull, and the singl
sample processed by chemist B.

Figure 7 The exponential regression
between transistors per chip and years after
1975.
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